INTRODUCTION
Let G be a quasisimple, connected, and simply connected algebraic group defined and split over the field k of characteristic p > 0. In this paper, we are interested in small modules for G; for us, small modules are those with dimension ≤ p. By results of Jantzen [Jan96] one knows that any G module V with dim V ≤ p is semisimple. (We always understand a G-module V to be given by a morphism of algebraic groups G → GL(V ); thus V is a rational module).
We are interested in the cohomology groups H i (G, V ) for i ≥ 1, where V is a rational module for G and dimension ≤ p. It follows from the work of Jantzen just cited that H 1 (G, V ) = 0. Moreover, by semisimplicity, one may as well focus on the case where V is a simple module.
We remark that this result of Jantzen's is one of a number of recent results studying the semisimplicity of low dimensional representations of groups in characteristic p. For example, the author has extended Jantzen's result (for quasisimple G); he has shown that V is semisimple if dim V ≤ rp where r is the rank of G. Guralnick has proved a result like Jantzen's for the p-modular representations of any finite group G with trivial O p (G). He gets that any module V with dim V ≤ p − 2 is semisimple, and H 1 (G, V ) = 0 if dim V ≤ p − 3. See [Ser94] , [McN98] , [McN99] , [Gur99] , [McN00] for these and more results.
We obtain in this paper results for the higher cohomology groups at small modules. We prove:
Theorem. Let G be simply connected and quasisimple.
(a) Let g = Lie(G) be the adjoint module for G. If dim g ≤ p, then g is simple and dim H 2 (G, g [d] ) = 1 for all d ≥ 1, where g [d] denotes the dth Frobenius twist.
Let L be a simple rational G module with dim L ≤ p.
. (c) If the Lie algebra g = Lie(G) acts nontrivially on L (briefly:
The results (a) and (b) are proved in Theorem 8.1. The result (c) is proved in Theorem 7.2. We obtains some partial results when L g = L, but these are less definitive (see Proposition 7.3).
The proofs of the above results involve first the study of the cohomology for the Frobenius kernels G d of G for d ≥ 1. We are able to combine the linkage principle for G 1 with recent results of Kumar, Lauritzen, and Thomsen [KLT99] Date: March 29, 2008 . This work was supported by a grant from the National Science Foundation.
verifying in general an older result of Andersen and Jantzen [AJ84] on the cohomology of certain representations of G 1 to show that H i (G 1 , L) usually vanishes for simple non-trivial G 1 modules L with dim L ≤ p, and to give explicit information on the cohomology of the handful of exceptions (which turn out to all satisfy dim L = p − 1). The results of [KLT99] are described in Proposition 4.1. The application of the linkage principle requires first an examination of the stabilizer in the affine Weyl group of the "low alcove"; this examination is carried out in section 2. We get along the way some information (for p > h) about the cohomology of any simple G d module whose highest weight is in the lowest alcove for the affine Weyl group; see Proposition 5.2.
The Lyndon -Hochschild -Serre spectral sequence permits comparison between G cohomology and G d cohomology; it is this comparison that enables us to prove the cohomology vanishing results for G mentioned above.
The author would like to acknowledge the hospitality of Bob Guralnick and the University of Southern California during a visit in June 1999; in particular, questions of Guralnick encouraged the author to consider the problems addressed in this paper, and several conversations inspired some useful ideas. Thanks also to Jens C. Jantzen for pointing out the existence of [KLT99] , as well as for making several helpful comments on a preliminary version of this paper.
ROOT SYSTEMS
2.1. We denote by R an indecomposable root system, S ⊂ R + a fixed system of simple roots contained in the corresponding positive roots. The weight lattice is denoted X; it is a free Z module of rank r = |S|. In X one finds the element ρ = 1 2 α>0 α. Since R is indecomposable, there are either 1 or 2 root lengths; there is a unique root of each length maximal in the usual partial order, and this root is a dominant weight. We write β for the dominant short root, andα for the dominant long root in R. Thus β ∨ is the maximal long root in the dual root system R ∨ . The Coxeter number of R is given by
For any integer m and any root α ∈ R, let s α,m denote the affine reflection of X R = X ⊗ Z R in the hyperplane H α,m = {x ∈ X R : x, α ∨ = m}. The Weyl group W is generated by all s α = s α,0 ; by construction, W acts linearly on the weight lattice X, but also through the dot action: viz.
Any w ∈ W may be written w = s 1 · · · s d where each s j is the reflection through a linear hyperplane corresponding to a simple root; the minimal number d for such an expression is called the length of w and is written ℓ(w). The following characterization of ℓ(w) is fundamental: if R + (w) = {α ∈ R + | wα < 0}, then ℓ(w) = |R + (w)|.
2.2. Let I index the simple roots S = {α i | i ∈ I}, write β ∨ = i∈I n i α ∨ i , and put J = {i ∈ I | n i = 1}. A dominant weight 0 = ̟ ∈ X is minuscule if it satisfies the following equivalent conditions [Bou72, Ch. VI, exerc. 23,24]:
Let π = X/ZR denote the fundamental group of R. Any coset of ZR in X is invariant under W and hence contains a dominant weight; it follows that every non-0 coset may be represented by a minuscule weight.
2.3. Suppose that R has two root lengths. If i ∈ J and α ∨ = i∈I b i α
, 1} whence d ∈ {0, 1}. Since α ∨ was arbitrary, α i must be short. We record:
(1). If i ∈ J and if R has two root lengths, then α ∨ i is a long root of R ∨ .
2.4. For i ∈ I, let S i = S \ {α i } and let S 0 = S. For i ∈ I ∪ {0}, S i generates a subsystem R i of R; write W i for the parabolic subgroup of W associated with S i . Let w i ∈ W i be the unique element which makes all positive roots in R i negative.
Proof. (a) follows from the fact that ℓ(w i ) is the same computed in W i as in W . For (b), note first that since
Now (c) follows from (b) and the observation that 
If A f is non-empty, it is called an alcove. The lowest dominant alcove C = A 1 is given by the constant function 1 α = 1. 
We assume for the remainder of Section 2 that h < l.
2.8. Let Ω be the stabilizer in W l of the lowest alcove C. Since W l acts simply transitively on the alcoves, one deduces that W l is the semidirect product of Ω and
If x ∈ X, let t(x) ∈ Aff(X R ) denote the translation by x. Application of [Bou72, ch. VI, §2.2 Prop. 6 and Cor.] now yields:
(2). The map i → γ i defines a bijection of J with Ω \ {1}. Proof. Any weight λ of the given form is conjugate to 0 under W l ; if also λ ∈ C, then 0 and λ are conjugate under Ω. By Proposition 2.4(c) one obtains
Since all of these weights are distinct, (a) and (b) follow at once.
Remark. Of course, (1) above is an immediate consequence of the calculation used in the preceding proof. Indeed, since both (l − h)̟ i and 0 are in C, the condition
2.9. The Coxeter number h and the set J is given in the following 
Proof. The necessary calculations are easily carried out using Proposition 2.4(a).
Remark. The image of Ω under the projectionŴ l → W is a subgroup of W isomorphic with π. This shows that the index of connection of R divides the order of W . Note also that by Remark 2.4 π ≃ Ω acts on the extended Dynkin diagram E ∨ .
2.11. For a dominant weight λ, let d(λ) be the value of the Weyl degree formula at λ. Thus
with equality if and only if
The argument in the remark on p. 520-521 of [Ser94] (following Prop. 6) shows that e(k) ≥ 1 for each 1 ≤ k ≤ h − 1. Thus, we have
and equality holds. This proves (a).
For (b), note that under the given hypothesis we have l ≥ 5. Since
Remark. Using the Tables in 2.9 and 2.10, it is straightforward to verify that equality holds in (a) if and only if either R = A r and i ∈ {1, r} or R = C r and i = 1.
(Since B 2 = C 2 , the latter case includes B 2 and i = 2.)
2.12. In the following, let me emphasize the standing assumption l > h.
Proof. The rank 1 situation leads to the item listed in the Table. When the rank is at least 2, one applies Proposition 2.11 to obtain l = h + 1, whence λ = ̟ i for some i ∈ J; i.e. λ is minuscule. We handle the minuscule cases by classification. In each case, the Table in 2.9 yields the value of h, which then determines r. We list below the possible root systems and consider their minuscule weights.
(1). When
i . This is larger than l whenever i = 1, l − 2.
(2). For l ≥ 5 odd, and Table. (5). For l = 13 and R of type E 6 , one has d(̟ 1 ) = d(̟ 6 ) = 27 > 13.
(6). For l = 19 and R of type E 7 , one has d(̟ 7 ) = 56 > 19.
THE ALGEBRAIC GROUPS AND COHOMOLOGY IN THE LOWEST ALCOVE
3.1. Let k be a field of characteristic p > 0, and let G be a connected, semisimple algebraic k-group defined and split over the prime field F p . The non-0 weights of a maximal torus T ≤ G on g = Lie(G) form an indecomposable root system R of rank r = dim T in the character group X = X * (T ). The choice of a Borel subgroup B containing T determines a system of simple roots S and positive roots R + . We write U for the radical R u (B), and B − for the opposite Borel. In this paper, by a G-module, we always understand a rational representation -a homomorphism of algebraic groups G → GL(V ) for a k-vector space V . The connected semisimple group G is said to be quasisimple provided that the root system R is indecomposable.
For each dominant weight λ ∈ X
+ , the space of global sections of the corresponding line bundle on the flag variety G/B affords an indecomposable rational G-module H 0 (λ) with simple socle. The weight λ is maximal among all µ with H 0 (λ) µ = 0. The simple modules L(λ) = soc H 0 (λ) comprise all of the simple rational modules for G (and are pairwise non-isomorphic).
The character of each H 0 (λ) is the same as in characteristic 0; hence in particular dim k H 0 (λ) is given by the Weyl degree formula, whose value at λ we denote d(λ) as in 2.11.
3.3. In this paragraph and the next, assume moreover that G is simply connected, so that the weight lattice of a maximal torus of G coincides with the absolute weight lattice of the root system R.
For d ≥ 1, denote by G d the d-th Frobenius kernel of G. There are p rd simple G d modules, which may be parameterized by X/p d X. A system of coset representatives for this group may be chosen as Any λ ∈ X + may be written as a finite sum i≥0 p i λ i with each λ i ∈ X 1 . This being done, Steinberg's tensor product theorem then says
We still assume that G is simply connected. Let V be a rational G-module and m ≥ 1. If there is a rational G module W with
Consider now two G-modules V 1 and V 2 , and form
We now deduce from Steinberg's tensor product theorem a G-module isomorphism
+ and all i ≥ 0.
3.5. Suppose that E is a first quadrant cohomology spectral sequence with E
(1). Fix m ≥ 0 and suppose that E
If N ¡ H ¡ G are subgroup schemes, one has the Lyndon-Hochschild-Serre spectral sequence of G/H modules computing the cohomology of H at any G module V ; this has E 2 term
The Lyndon-Hochschild-Serre spectral sequence then takes the following form(s):
is a simple non-trivial
Proof. Proceed by induction on d > 1. By (4), there is a spectral sequence of G modules
) will follow by (1) from the vanishing of all E s,t 2 with s + t = i. In turn, this follows from the inductively obtained vanishing of
3.6. Assume in this paragraph that G is quasisimple. Let G sc denote the simply connected covering group of G which exists by, say, [Jan87, II.1.17], and let φ : G sc → G denote the corresponding isogeny. LetX be the weight lattice of a fixed maximal torus of G sc . ThusX is the absolute weight lattice of R referred to in section 2; it has a Z-basis consisting of the fundamental dominant weights, and we may regard X as a sublattice ofX with finite index. The center Z = Z(G sc ) of the simply connected group is the diagonal group scheme Diag(X/ZR) by [Jan87, II.1.6] (see [Jan87, I.2.5] for generalities on diagonal group schemes). ThenX/ZR is the fundamental group π of R. If |π| ≡ 0 (mod p), Z is a reduced group scheme, and its points over an algebraic closure of k form a finite Abelian group of order prime to p. Now, one has a embedding of finite group schemes ker φ → Z; it follows from [Jan87, I.8.5(a)] that ker φ is reduced and its points over an algebraic closure of k correspond to a subgroup of those of Z. We deduce (1). If |π| ≡ 0 (mod p), the group scheme ker φ is reduced, and moreover, its points over an algebraic closure of k form a finite Abelian group of order prime to p. In particular, H i (ker φ, M ) = 0 for any ker φ module M (over k) and any i ≥ 1.
Under this assumption on p, the Lyndon-Hochschild-Serre spectral sequence 3.5 ((2)) for ker φ ¡ G sc degenerates; thus
3.7. Let W p ≤ W p be the affine Weyl group(s) (for l = p) as in section 1. Let λ, µ ∈ X + . The linkage principle for G [Jan87, Cor. II.6.17] says the following: 
• λ (where λ and µ are any choice of representatives in X forλ,μ ∈ X/p d X).
The linkage principle implies in particular that for λ ∈ X, one has:
We shall also use a consequence of a more precise version of the linkage principle for G. One gets from [Jan87, II.6.20]:
We leave it to the reader to consult [Jan87, II.6] for the definition of the order ↑ and of ℓ(γ) for weights γ (which is called d(γ) in loc. cit.), but we remark that if µ ↑ λ then µ ∈ W p • λ and µ ≤ λ.
INFINITESIMAL COHOMOLOGY
In this section, G is assumed to be a simply connected, reductive group; however, R may be decomposable. The Coxeter number h = h(G) of G is then the sup of the Coxeter numbers for each irreducible component of the root system of G.
4.1. Let U denote the unipotent radical of a Borel subgroup B of G, and let u = Lie(U ) be its Lie algebra. For a weight of the form λ = w • 0 + pµ ∈ X * (T ) where w ∈ W and µ ∈ X + , we record the following result:
] has a good filtration as a G-module.
This Proposition was the main result of Andersen and Jantzen in [AJ84]; they proved this result for all λ for R not of type E or F , and for strongly dominant (see loc. cit.) λ in all cases. A uniform proof of the Proposition (which works for all root systems) has now been given by S. Kumar, N. Lauritzen, and J. F. Thomsen [KLT99] ; they obtain a proof by establishing that the cotangent variety T * G/B = G × B u is Frobenius split (see loc. cit.).
4.2.
Keep the assumptions of the previous paragraph. Thus, G is simply connected, connected, and reductive. We want now to describe more explicitly the cohomology H · (G 1 , k) in low degree. For this, we need some information on the Lie algebra g. Application of the summary in [Hum95, 0.13] yields:
(1). If p > h and G is semisimple, then g is a semisimple Lie algebra. We have g = ⊕ i∈π 0 (R) g i where each g i is a simple Lie algebra and π 0 (R) denotes the collection of indecomposable components of the root system R. Moreover, the adjoint action of G on g is completely reducible, and the irreducible summands of g under this action are precisely the g i .
[One could of course get by with less restrictive hypothesis, but these suffice for our purposes.] It now follows from [Bor91, Prop. 3.17] that
(2). If p > h and G is semisimple, then g = [g, g].
Ifα is the dominant long root in R, we have evidently −w 0α =α. If g is semisimple as a G-module (or equivalently, semisimple as a Lie algebra) it follows from highest weight considerations that g may be identified with its contragredient g * . Thus:
(3). If p > h and G is semisimple, then g has a a nondegenerate G-invariant
More generally, if G is reductive, let DG be the derived group, so that DG is semisimple. We regard g ′ = Lie(DG) as a subalgebra of g, and we let z = z(g) be the center of g.
(4). Assume that p > h and that g has a non-degenerate
Proof. The restriction of κ to each simple summand of g ′ is either 0 or nondegenerate. Considered as a module for T , we have g = g T ⊕ ⊕ α∈R g α . Moreover, each g α is orthogonal to g T . Since all g α lie in g ′ we see that κ restricts to a Killing form on g ′ . We now deduce that g = g ′ ⊕ c for some Ad(G) invariant subspace c ⊂ g T . It follows from [Jan87, II.2.1(7)] that c is a trivial Ad(G) module; and it follows from [Bor91, Lemma 22.2] that c ⊂ z. Since DG is semisimple, z ∩ g ′ = 0, hence c = z. The result now follows by observing first of all that [g, g] ⊂ g ′ , and finally that
4.3. Again we assume that G is simply connected, connected, and reductive. Moreover, let us now suppose in addition that p > h where h is the Coxeter number of G, and that g has a non-degenerate G-invariant bilinear form κ. According to 4.2, we have g = z ⊕ g ′ where g ′ = [g, g] and z is the center of g. Let N ⊂ g be the nilpotent cone. Then N is a closed G-invariant subvariety of g, hence the graded coordinate ring k[N ] has a G-module structure. We may regard k[N ] as a quotient of k[g * ] which we identify with k[g] by using κ. Since g ′ is generated by the root spaces g α for α ∈ R, it follows that k[N ] 1 ≃ g/z ≃ g ′ as a module for G. Combining [AJ84, 3.7] (or the above Proposition) with [AJ84, 3.9], we have G-equivariant isomorphisms
where the first map preserves degree and the second multiplies degree by 2. In particular,
INFINITESIMAL COHOMOLOGY IN THE LOWEST ALCOVE
Assume throughout this section that G is simply connected and quasisimple. Moreover, we suppose that p > h.
Denote the lowest alcove of
of the alcove C p . As in 2.8, we may use the simple transitivity of W p on alcoves to obtain the following description of W p,d .
(1). For all
Let f denote the order of Ω = Ω 1 (the index of connection). The results in 2.8 show that f = |J| + 1 (J is defined in 2.2). Since h − 1 = ρ, β ∨ = i∈I n i ≥ |J|, one has always h ≥ f . In the current setting, this implies p > f .
More generally, let 
5.2.
Keep the assumptions of 5.1. In particular, we require in this paragraph p > h. As is well-known, the linkage principle for G shows that
Proof. We have already observed that the linkage principle implies that λ must lie in Ω • 0. That λ = (p − h)̟ i = w i w 0 • 0 + p̟ i for some i ∈ J now follows from Proposition 2.8. Now when d = 1 the result follows from Proposition 4.1, and the result for d > 1 follows in turn from Proposition 3.5 since Proposition 4.1 yields also that
VANISHING OF INFINITESIMAL COHOMOLOGY FOR LOW DIMENSIONAL MODULES FOR G
As in section 4.2, we assume throughout this section that G is quasisimple.
6.1. We first recall some facts about low dimensional modules established in [Jan96] and [Ser94] .
Proof. Since C p ∩ X + is empty if p < h and C p ∩ X + = {0} if p = h, the Proposition implies immediately that
In [Jan96, 1.6], Jantzen made a list of all simple restricted modules for G sc with dimension p. Inspecting this list shows that:
(2). If G has a non-trivial simple module L with dim L = p, and the root system R has no indecomposable component of type
Lemma. Let L be a simple G module and let G sc denote the simply connected covering group of G. Then
Proof. If dim L < p, then (1) shows that h < p so (a) follows from 3.6 (2). In view of (2), (b) follows similarly. If dim L = h = p, then Jantzen's list (2) shows that R = A p−1 and moreover that L = L(λ) as a module for G sc where λ is p e ̟ 1 or p e ̟ p−1 for some e ≥ 0. If e = 0, then the image of λ in the fundamental groupX/ZR is a generator, hence the weight lattice of a maximal torus of G coincides with the absolute weight lattice of R, so that G is simply connected. The claim in (b) is now immediate.
6.2. Using the results of section 4, we are able to obtain vanishing results for G 1 cohomology of low dimensional simple modules, as follows:
and the pair (R, λ) is listed in the following Table. For the exceptional pairs (R, λ), the Table indicates the minimal degree i(0) for which L) is non-0, and it indicates the G module structure of
is a non-trivial, restricted, simple G module with dimension ≤ p. It follows from the Proposition that λ ∈C p .
Suppose that H i (G 1 , L) = 0 for some i. The linkage principle for G 1 (3.7) implies that λ ∈ W p • 0. If h < p, the result now follows by combining Proposition 4.1 with Proposition 2.12. (Note that B 2 = C (p−1)/2 when p = 5.) Since dim k L ≤ p we get from (1) that h ≤ p. Thus we are reduced to consideration of h = p. In this situation, 0 is in the interior of the low alcove C p . But it is easy to see using the Weyl degree formula that λ must lie on the boundary of C p . It follows that λ and 0 are not conjugate via W p , and the G 1 cohomology of L vanishes by the linkage principle.
Remark. The Theorem implies the fact (used by Jantzen in the proof of [Jan96,
The argument used by Jantzen there relied on the calculations of H 1 carried out in [Jan91] .
VANISHING OF G-COHOMOLOGY FOR LOW DIMENSIONAL MODULES
Assume throughout this section that G is quasisimple. Unless otherwise indicated, we do not require that G be simply connected in this section.
7.1. Our main goal is to show that the G-cohomology for low dimensional modules vanishes by applying our vanishing results for G d cohomology. Let us first note how non-trivial G-cohomology can arise from non-trivial G d cohomology.
Proposition. Suppose that p > h, and in addition that
Proof. By 3.5 ((2)), there is a spectral sequence with E 2 term
We have by 3.4 that
(a) now follows from Proposition 2.8.
Assume that µ 1 = (p − h)̟ i for some i ∈ J, and let 0 ≤ j ≤ ℓ. If s + t = j, we have by Proposition 5.2
The claim for j < ℓ and for d > 1 now follows from 3.5, (1).
and one knows by 3.5, (1) that the edge homomorphism ǫ ℓ :
surjective. To show that ǫ ℓ is an isomorphism, it suffices to show that (*) E 0,ℓ 2 = E 0,ℓ ∞ . Recall that the differentials for E a have bi-degree (a, −a + 1). The required equality (*) now follows by observing that E a,ℓ+1−a 2 = 0 for all a ≥ 2.
7.2. In this paragraph, we consider vanishing results for small simple G-modules L whose restriction to G 1 , or equivalently, to g, is non-trivial. Since G acts on L g , when L is simple this amounts to the condition L g = 0. If λ is the highest weight of the simple G-module L, Steinberg's tensor product theorem shows that L g = 0 if and only if λ ∈ pX.
Our main result is:
Note in particular that our result shows that the simple modules L with highest weight µ 1 +pµ 2 and non-zero H ℓ (G, L) described in the previous paragraph must have dimension > p.
Proof. In view of Lemma 6.1, we may suppose that G is simply connected.
Write
If dim k L = p, Steinberg's tensor product theorem implies that λ = µ 1 . By Theorem 6.2, we get for all i that H i (G 1 , L) = 0, and the vanishing of H i (G, L) now follows from 3.5.
We may now suppose that dim L < p.
) is non-zero in some degree. Since dim L(µ 1 ) < p, Theorem 6.2 contains a list of the possibilities for µ 1 ; this shows in particular that dim L(µ 1 ) = p − 1. It now follows from Steinberg's tensor product theorem that µ 2 = 0, or what is the same, that λ = µ 1 .
The Theorem will now follow from Proposition 4.1 combined with 3.5 if we argue for i, d ≥ 0 that
has a good filtration, (1) will follow if we show that the trivial module doesn't appear as a filtration factor. There are unique non-negative integers c(µ) such that
where for all µ ∈ X + , χ(µ) denotes the Weyl character ch H 0 (µ). Then the number of trivial factors in a good filtration of
. Now, Theorem 2 of [KLT99] shows that
for all d and all i ≥ 1. It remains to consider the case i = 0. In view of the vanishing for i ≥ 1, we may now apply the computation of the character of
where for any weight ν,
Inspecting the list in Theorem 6.2, we see that none of the possible weights λ lie in ZR. We get thus c d (0) = 0 and the Theorem.
7.3. Let L be a simple G-module with dim L ≤ p. It seems to be more difficult to obtain results like those of the previous paragraph 7.2 in the case where g acts trivially on L. Assume that L = L g , and let λ be the highest weight of L. Then λ = pµ for some µ ∈ X + . We have the following description of the E 2 term of 3.5 (3) for i, j ≥ 0.
has a good filtration, we get by 3.7 (5) together with the spectral sequence 3.5 (3):
Proof. (a) We have −w 0 µ ∈C p as well, whence L(−w 0 µ) is a Weyl module
has a good filtration, we get the vanishing of (1) for i > 1 by [Jan87, Prop. 4.13] . Thus the spectral sequence degenerates to give the asserted isomorphism.
For (b) note first that since dim L ≤ p, we have h ≤ p by 6.1 (1). Write λ = p e γ with γ ∈ pX. For each root α write s α = γ, β
+ . Since h − 1 < p, we have exhibited for each α an expression 
Remark. If one knew that the G-modules H
had a good filtration for all i ≥ 0, as has been conjectured by Donkin, one would be able to prove a result analogous to (a) for weights of the form λ = p d λ ′ , λ ′ ∈ C p . One would then be able to prove H i (G, L) = 0 for all non-trivial tensor indecomposable simple modules L with dim L ≤ p and all i ≥ 0.
SECOND COHOMOLOGY
As in the previous section, G is a connected quasisimple algebraic group. 8.1. As noted in 7.3, it seems to be difficult to obtain vanishing results for the cohomology groups H i (G, L) when L is a low dimensional non-trivial simple module with trivial action of g. However, when i = 2, we are able to achieve a uniform result. ) = 0. In this section, we describe a "reason" for this arising from the ordinary representation theory of the group G(F q ) of rational points of G. We suppose that G is defined and split over F p .
Let Z p be the complete ring of p-adic integers, and let Q p be its field of quotients. Our group G arises by base change from a group scheme G Zp over Z p . We choose a closed embedding G Zp ≤ GL(L) where L is a Z p -lattice in V , a finite dimensional Q p -vector space.
For any finite field extension F of Q p , let o denote the integers in F (the closure of Z p in F ). There is a prime element π in o; we let q denote the order of the residue field F q = o/πo.
Let K denote the group of points G Zp (o) regarded as a subgroup of G Zp (F ). One knows that K is the stabilizer in G Zp (F ) of the o-lattice L ⊗ Zp o ⊂ V F . Let Γ q = G Zp (F q ) be the corresponding finite group. Since G Zp is smooth, the reduction homomorphism K → Γ q is surjective (see [Tit79,  (c). By a result in the representation theory of finite Lie type groups, the minimal degree of a non-trivial irreducible ordinary character of Γ q is bounded below by the value f (q) of a polynomial f ∈ Q[x], depending only on G, for which f (q) → ∞ as q → ∞.
On the other hand, we may find for every q = p r a field extension F of Q p with integers o and residue field F q . Since dim F V F = dim Qp V , (c) follows from (b).
Remark. (a) If one desires only some polynomial lower bound for the minimal non-trivial irreducible character degree for Γ q , it suffices to observe that when G has rank 1 case, the derived group of Γ q is a quotient of SL 2 (F q ), and the minimal non-trivial irreducible character degree for this group is q−1 2 (which is realized by an irreducible "discrete series" representation); this lower bound then works for any G by considering Levi factors of parabolic subgroups of semisimple rank 1. (b) The results recorded in 8.2 combined with [CPSvdK77] imply that
for sufficiently large e; this is compatible with the results of the previous paragraph.
